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TIFR - MATHEMATICS
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® There areForty (40) questions divided into four parts
(Part A, B, C & D).

® Each part consists of 10 True/False type questions.

e Each question carry 1 mark and 1 mark will be
deducted for each wrong answer.

e Pattern of questions : MCQs
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e Duration of test : 2 Hours
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PART A
1. Two basis of RS are E = {e1.e5,e31={(1,0,0),(0,1,0),(0,0, 1)}and

S ={ug, uy,ugt ={,0,1), (2,1,2), (1,2, 2)}

1 2 1]
then the change -of-basis matrixP from Eto Sis [0 1 2| .
12 2
1 -3 3 10
2. The tiangular form of matix A=|0 -1 2|is |0 1
0 -3 4 0 0

3. A function f twice differentiable and satisfying th

in the range x> a where Aand B are cons
4. The invertible matrix of matrix +A =
triangular.

5. Wadizala
o 03)

0 0 3 -1 1 LoosJ

1 1 1 010
arixA= |1 -1 -1lis|o 0 1] .
1 10 000

{n_ﬂ} is Unbounded.

n

6.

8. An ion f:R - R is defined as follows:
f(X) =2x2 +3x+ 4, if x O(—o0, 1) and f(X) =kx +9 —Kk, if x[(O[1, o]

If this function is differentiable on the whole real line, then the value of k must be 7.
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3n
1, 0L X< —
9. Function ; 4 is continuous on (0, ).
TU
2sin=x —<X<T
9" 4

10. Two basis of R% are S = {u, us}={(1,2), (3,5} and S'={v;, vy} = {(11) (1, -2)},

then the change ofbasis matrix P from S to the “new”basis S’ is |,

PART B

11. Eis anon measurable subset of[0, 1]. LetP =E° O{

Q =|]{—1:|]N} where E9 is the interior of E an sure of E, then P is
n
measurable but notQ.

12. If a=b(modn). theng.c.d (a, n) =ged(b,n).

S

16. The two basis for R2, B ={(1, -1), (0, 6)}and C ={(2, 1), (-1, 4)} then the transition

2 1/2}

matrixfrom Cto B is{
-1 1/2
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17. The standard basis for pg3, B= {1, x, x2} and the bass C ={p4, p,, p3}where p1=2,

2 00
Py =—4X pg= 5x2 — 1, then the transition matixfrom Cto Bis|0 -4 0].

-1 0 5

18. Let T be the linear operative on R2 defined by T(x, y) = (4x — 2y, 2% " then the

fTinth fi=(1,1),f,=(-1 .
matrixof Tinthe basis  {f;=(1, 1), f, = (-1,0)} is [0 J

19. The null space of the matrix A :{_24 1%} is {0}

(4 0 1]
20. The diagond form of Matrix A=|-1 -6 -2

PART C
21. If V be the ector space of poly [ of degree <3, and D:v - v be the
{0 Lo 0}
0020
S
0003
{0 00 OJ
22.  The transition matr the basis {g;} to the basis {f;} and the transitions matrix g

basis {ej} when {e = (1, 0), e = (0, 1)} be a basis of R?

i 1), f —1, O)}arep :(_1 ﬂ;q =G _;]-

Toll Free: 1800-2000-092 Mobile: 9001297111, 9829619614, 9001894073, 9829567114
W ebsite: www.vpmdasses.com FREE Online Student Portal: examprep.vpmdasses.com

E-Mail: vpmclasses@yahoo.com /info@vpmclasses.com Page 4




Ve VPM CLASSES

CNET,GATE CSIR NET,IIT-JAM, IBPS, CSAT/IAS, SLET, CTET, TIFR, NIMCET, JEST, JNU, ISM etc.

23. A matrix A over R has (x — 7)5 and (x — 7)2 as its characteristic and minimal
polynomial over R respectively. A possible Jordan canonical form is given by )

7 1
7

24. IfGisagrou anda, xOoG ,thenO(a) = O(x'lax).

25. The group (R * x R, O), where R* =R — {0} and (a, c + d), then

the identity element and the inverse of (a, b) are (1,0

(a_l, -ba_l), respectively.

26. If G is a group of all 2 x 2 matrices (a #0 and a, b, c, d are

c df
integers moadulo 3, relative to m
is 81.

Fix multipli on, then the number of elements in G

27.  lim(cosec x)"** equals to

X-0

28. Letf:G - Hbe oup ho :::: from a group G into a group H with kernel

K. If the order of nd K are 75, 45 and 15 respectively, then the order of the

he ra " numbers define Da follows for o,3,0Q,a0p=— GB

©* respectively denote the sets of positive or negative and non-zero

, then the pair (Q+,0) is an abelian group.

30. IfS =2 thesetofall integers;a*b=a+ b2, then *is binary operation on the given

setS.
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PART D

31. The equation whose roots are of opposite sign of the equation 3 — 6x2 +11x—6 =

0is x3+6x2+11x+6=0

32.  The alue of lim—2—~ s logv2 .

0 (14+x)" -1

33. Sequence{a,},a;>0a,, =3, +Lon diverges to co.
a

n

34. Lim sin !
x-a  x-a

=0

35. f(X), g(x) are differential on (a, b) and are contn

f(a) =—f(b) =0 then a point c k (a, b) such

f(c) +1(c)g(c) =0

36. Thereexists a non-abelian grou S'subgroup s normal.
en i a subgroup of order 5.

302 + 3cx+ d is—PS

2(ac —b)2 .

ing Zp which has is own inverse.
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ANSW ER KEY

N
N
w
N

| Question 5 [6 ]| 7189101112 13] 14 15|
Answer | T F | T| T|T|T|F|TJ|T|]T|TJ|TIfF T
Question | 16 | 171 18191 20211 22[23]|24]|25| 26| 27 28] 29| 30
Answer FIFIFITITITIFEFITITIT FITITITIT
Question| 31| 32| 33| 34| 35| 36| 37| 38| 39( 40
Answer | TIFITHIFITITITIFJFIT

HINTS AND SOLUTION

1. TRUE
Hent, find [V[g. One

way to do this is to directlysolve the vector equati { + YUy + ZUg, thatis,

HRHRAR

or X+ 2y+z=1

y+2z=3

The characteristic polynomial of Ais
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A-1 3 -3
0 A+l -2[=(A-2°(r-2)
0 3 A-4

Hence the eigenvalues of A are 1, 1, 2. Since the first column of Ais alrady of the

required form (with the eigenvalue 1 in the leading place), we process directy to

triangularize the submatrix

(2

The eigenvalues of B are 1, 2,. To find an eigenvec nding to the

eigenvalue 1, we solve the system of equations

(B-1) X=0

R

which yields x; = %,. Hence eigeneor of B corresponding to eigenvalue

3. TRUE

Letx>a, and h a positive number; then
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f(x+h)=f(x) +hf’ (x) + h?zlfn(x+ oh)

or hf’(x):f(x+h)-f(x)-h?2| 1 (x+ oh).

0 [hf (X)) | =] f(x+h)-f(x) - fn (x+ oh)|.

s|f(x+h)|+|-f(x)|+“§,|-1“(x+ oh) |

<A+ A+ %hz B [using the gives relati

or |f (X)|<%+B—h_(p(h) say.

Now | f’ (X) | is independent of h and alsa + for all values of h. Hence

| £'(X | must be less than least value of ¢ (H). Formaxima or minima of ¢ (h), we

1% |<2 {aB).
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4. TRUE
1 20
Givenmatrix A={ 1 -1 2
0 1 1

The characteristics equation of matrix Ais

|A-A|=0

(A -D*(A+D =0

The eigenvalues ofAare 1,1, -1. Itis ea
2] acout
XZLO is asolution of

4

2
hence| 0 | is an eigenve
-1

of Acoespond'ng to eigenvalue 1.

Let us take

By using elementary column operations, itis easily seen that
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/2 0 O
u'={0 10
1/2 0 1

(1 -1 o\

Hence u?AUu={0 -1 2
ko 0 1J

which is the required triangular form.
5. TRUE
The characteristic polynomial of Ais
1-2 1 2

fA)=-| -1 2-1 1
0 1 3-A

If X1, Xy, Xg are eigenvectors

= (X4, Xy, X3) is the required matrix.
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1
These equations give b = -2c¢, and a = —c. Thus a| 2| for any nonzero number
-1

o[Here o = —] is an eigenvector corresponding to 1. Choosing a arbitrarily, say 1,

1
we have X, =| 2 |. Similary,
-1
1 1
X,={-1|,X,=|0
1 1

-1 0 1
then Pt=|-2 2 2 |andP
1 -2 -3

nON,1< X, (bounded below)
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OnON,2 2 X, (bounded above)

0 {”Tﬂ} is bounded sequence.

8. TRUE

Here, given functions are
f(X) = 2%2 + 3x+4, if x (=00, 1)

and  f(x) =kx+ 9 —k,if x O[1, »)

O LF(x) = Rf (X)

Now, Lf(X = 2%2 + 3x +4

O Lf(X) =4x+ 3 atx=1
Lf1)=4x1+3=7

Now, Rf(X)=kx+9-k _;

0 Rf(K) =k = RF(}

Lf(1) = RE(1)
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So, f(X) is continuous at x= %".

= f(x) is continuous at all other points.

10. TRUE

We have

Thus

v, =-8u,+3u,
v, =—11u, +4u,

Note that the coordnates of Vi
basis matrixP.
11. TRUE

E is anon-measu

Hence, P is measurable but not Q.
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12. TRUE
Letd=g.c.d(a,n)
= d/|ad|n butn|a-b
= dla—b, d|a
= dla—(a—-b)=b

_ dib, d|n

Letclb,c|n = c|b,cla—aasnla-b
=cCla—b+b=a
= Cla, c|n
- Ccl|das d =g.c.d(a, n)
= g.cd(b,n)=d.
13. FALSE

By a well known theorem*  that if za conwerges and if b, diverges then

>(a, +b,) diverge

terges and Z— converges then the series Z[— +2—1k) is

acteristic polynomial of Ais (N — A) = 2. Hence A% = 0,i.e. Ais nilpotent.

Moreover, bycomputation A® # 0 so that the minimum polynomial of Ais

q(t) =+ Hence the Jordan canonical fom of Ais given by
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o O O O
o O O -
O O - O
O O O

15. TRUE

The characteristic polynomial of Aiis (x— 1) ><(x2 + x+ 1) and si
non-square it is aso the minimum polynomial of A Hence

formis c(x)OcC(x —1)Dc(x2 +x+1) where C(q(X) is the compa

blockmatrixnotation this can be expressed as

16. FALSE

ombination of the vectors from B. Here are those
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9=

and the transition matrixis given P :{ 2 _1}
12 1/2

17. FALSE

Since B is the standard basis vectors writing down the transitio

2 0 -1
P=|0 -4 0
0 0 5
Each column of P will be the coefficients of the ¥ector from.C. . Since those will also

be the coordinate of each of those vectors relative : standard basis vectors.
y gctors, the second row will

be the coefficient of x from each basis vecto column will be the coefficient

ofx2 from each basis vector.

18. FALSE

We have T(fy) = T(1,1) =

3(1,1) + (1, 0)

(_4’ _2)

=2(1,1) + 2(-1, 0)

= —21‘1 + 2f2
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19. TRUE

) 2 0
Since A =
-4 10

to find the null space of Awe will need o solve the following system of €

SRRLH .

= 2)(1 = O, —4X1 + 10)(2 = O

we have given this in both matrix form and equation f

20. TRUE

The characteristic equation of mat

and we know that if we change amatrixin a dagona form then the diagonal entries

are equal to the eigen values of A Hence the diagonal form of Ais (-1, -6, 5).
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21. TRUE
D(1)=0=0+0t+0t2 + 0t3

D(t)=1=1+0t+0t2 + 0

D(t2) = 2t = 0+ 2t +0t2 + 0t3

D(t3)=3t2 =0 + Ot+ 3t2 + 013 .
22. FALSE

f]=(1,1)=(1,0)=(0,1)= ey +e,

fy=(-1,0)=—(1,0) + 0.0, 1) =, +e,

Hence the transition matrix P from the ba

(3 o)

e; =(1,0)=0(1,1)- (-1

}is

e,=0,1)=1(1, 1)+ (-1

e -

or Byobsenation :If p and q are change of basis matrixthen p = q_1 be hold.
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23. TRUE

Since the characteristic polynomial of Ais (x — 7)5 the characteristic 7 should occur

5 times along the leading diagonal of a possible Jordon-Canonical form Jof A. Since

(x— 7)2 in the minimal pdynomial of A, we must start witha 2 x 2 Jordgn black in J

ie., ! ;| in the first Jordan block in J. The Jordan blocks non

increasing order along the principal diagonal.
24. TRUE

Let aOG, xOG, then

o Lax? = (xlaxxlax)

= x'l(xx'l)ax [by
= x Llaeax = x'l(a '
-1.2

=XTaX

Jindu etien m ethod,

1

s =X anx, OnON

O(a)=n and O(x'lax) =m,

then (xlax)= x1ax= xlex=e
~  olax <n =m<n (1)
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Again O(x'lax) =m= (x'lax)m —e ox1laMx=e
= x(x'lamx)x'1 =xexl=e
= (xx'l)am(xx'l) =e
— eale=e - aM=e
= O@@)<m =ns<m ..(2)
(Dand (2) = n=m = O(a) =¢

If O(a) is the infinite, then O(x'lax) will also be infiriite

25. TRUE

Consider the group (R * xR, ¢ )

where R*=R-{0} and,

(a,b) o (c,d) = (ac, bc

Note the element (a, b)

= alUR* bOR

To find identity :

byEg. (i) ac=a

= ac—a=0

= a(c-1)=0.

+d) ()
d) be the identity of (R* x R) then
(c,d)=(a,b)
(1)
..(ii)

Toll Free: 1800-2000-092

W ebsite: www.vpmdasses.com
E-Mail: vpmclasses@yahoo.com

Mobile: 9001297111, 9829619614, 9001894073, 9829567114
FREE Online Student Portal: examprep.vpmdasses.com
/info@vpmclasses.com Page 21




VeV VPM CLASSES

UGCNET, GATE, CSIR NET, IIT-JAM, IBPS, CSAT/IAS, SLET, CTET, TIFR, NIMCET, JEST, JNU, ISM ec.

sincealR* = az0so,c=1
Now by Eq. (i) bc+d =Db

= bc—-b+d=0

—~ b(c-1)+d=0
= d=0 (since,c=1)
Thus identityis (1,0) O (R* , R)

Now let (c, d) be inverse of (a, b), then (c,d) o (a, b)
= (c,d) o (a,b)=(1,0)

= (ac, bc +d) = (1, 0) (by definition of ©)

= ac=1 (i)
and bc+d=0 (V)
by Eq. (iii) ac=1 = ¢ = a ==
by Eq. (iv)
=
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26. FALSE

Here, it is gven that G is group of all 2x2 matrices (a ZJ where (ad-bc)#0 and
C

a,b,cd are integers modulo 3, So, if (: :J ,thena,bc,d 0{0,12} =A(s

with dlement in A. If ab = bc = 0,since ab = 0in five ways

of a and b) and bc= 0 in five ways.

There are 5 x5 = (25) different ways in which ad and

If ad=bc#0
ad#0 means eitherad =1 or 2
Now ad = 1in two ways and bc =1 in two

2 x2 = (4) ways

Therefore, both ad and bc are 1.gimultaneous

Similarly ad = bc =2 in 4 diff ce, there are eight ways in all in which

ad=bc #0.

[0 Total number ofm atrices | -. ofad -bc=0is 25 +8 =(33)

O Total number of s in the form of

logcosec x im —cot x
I
x-0  Jog X x-0 1/x

Letlog p = lim
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=— lim =—lim =
x-0tan X x-08ec? X

=-1 (ByL’ Hospital’s rule )

= p:e'1 =1/e
28. TRUE

Here, It is given that f : G - H is group homomorphism from a grou
H, with kernel K. d

O By given condition that O(G) = 75

O(H) =45,0(K) = 15
O By first fundamental theorem

We have

29.

Closure : Q O is closure in Q*

2. Commutativity : GDB:%B :%:BDG

3.  Assodativity: (a0f)0y=a0 (80 y)G—QBV,Du,B,yDQ*
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4, Identity: a03=a=300a,0a0Q*
[0 3 is identity elements in Q*.

5. Inverse : amgzszgma,DaDQ*
a a

O 2 is inverse element
a

[ (Q00) is an abelian group.
30. TRUE

Since, addtion is binary operation on the set N ofn

OabON and subtraction is not a binary opers , the set of all
integers,a*b=a+ b2 satisfy the binary condit
31. TRUE
The given equationis
X3~ 6x° + 11X~ 6=0 5.
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33. TRUE
Herea,+1>a, >0 On Letthe monotonic anbe bounded. Then lim a,, =1(> al>0).

On lettingn - o

1=y +%, ie. %:o, a contradiction.

Hence, n is unbounded above and being monotonic it diverges

34. FALSE

Foranyd >0 0OnONsuchthat

1
—0< X —a =———<x,-a=

—2nrr—l-[ 2m‘t+E
2 2

and  ij=—ji = k, jk=—kj =i, ki =—ik = ]
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Clealy G is non-abelian. By Lagrange’s Theorem, G can have proper subgroups of

orders 4 and 2 only. If H is subgroup of G of order 4,

then ig(H) = O(GYO(H) =8/4 =2.

Now iG(H)=2 = H<G.

Thus all subgroups of G of order 4 are normal.
The only subgroup of G oforder 2 is {1,—1}, which is obvio
Hence G is a non-abelian group each of whose subgrok
37. TRUE

By Lagrange’s theorem such a subgroup can e
of G cannot be order 2. Suppose it is so

order 2.
LetH=<a> k=
then O(H) =2, O(K)= 2

Since all elements of G

mption is wrong and thus all elements of G — [ can not have order 2.

Again since G is finite O(a)|O(G) for alla 0 G atleastone elementa G, such that
O(a) =5 or 10.

If O(a) = 5, then H =<a> is a subgroup of order 5.
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IfO(a) = 10,then H= <a®>is a subgroup of order 5.
38. FALSE

Here F(X) =ax3 +3bx? + 3cx +d

F'(X) =3ax? + 6bx +3c
O The zero of F(x) is of multiplicity 1.
Therefore the common divisor of F(x) and F'(x) is
2(ca —b?)x +(da — bc)
which has zero of multiplicity 1. Hence

bc - ad
Z(ac—bz)

39. FALSE

Let a0z, such that @ =1. Théf

pla+lorpla-1,;

or a=-1(modp). H
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