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SEQUENCE

A sequence in a setSisa function whose domain isthe set Nof natural numbers and whose range is
a subset of S. A sequence whose range is a subset of Ris called a real sequence.

SU U UG et U,

S,=u;+u,+u,+..+u - series
!

Sequence

Bounded Sequence: A sequence issaid to be bounded if and onlyif its range is bounded. Thus a

sequence S is bounded if there exists
k<S,<K, OnON
= S, O[kK]
The | u. b (Supremum) and the g.l.b(infimum) of the range of a bounded sequence may be referred

asitsg.l.band l.ub respectively.

Limits_inferior and Superior:

From the deinition of limitin Section 1.4, it bllows that the limiting behavior of any squence {a,} of

real numbers depends only on setsof the form {a, :n=>m}i.e, {a,a, ., a,,, ...} Inthsregard
we make thefollowing definiion.

Definition: Let {a } be a sequence of real numbers (not necessarily bounded). We define

liminfa,=sup inffa,, a,. ,an+2- .-}
n- o n
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And limsup a,=infsup{a,, a,,a .}

no oo n+1’ “'n+ 2
As the limitinferior and limit supetior respectively of the sequence {a_}.

We shall denote limit inferior and limit superior of {a } by lim a_ and lim a,orsimpy by lim a_ and

man respectively.
We dhall use the following naations for the ssquence {a_}, foreachn O N
A, =inf{a,a,,,a,, ...}

And Zn =sup{a,a,, 8, -- -}

Therefore, we have

And ﬁan = irr1]fAn
Now {a,,,.a,,, .. ..+t0{, &, a,,, ...} Therefore by taking infimum and supremum

respectively, it follows that
An+1 2An And Z‘n+l SZn
Thisistrue for each n O N.

The above inequalities show that the associated sequences{A,} and {Rn } monotonically increase

and decrease respectively with n;

Remark: It should be noted that both limits inferior and superior exig uniquely (finite orinfinite) for al

real quences:

Theorem: If{a.} is any sequence, then
lim € a_ )=-lim,and lim (-a)=-lma_
Letb,=—-a,n N then we have
B, =inf{b,b, ., ...}
=—apfa,a,, .- ..}:—Z\n
And so

lim (- a,)lim=b, = sup(B.B,.-...
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—inf{A,A,..}

—infA, :—Man.

Also, lima, = lim € @@,) =-1im € a,).

Theorem: If {a}is any sequence, then

lima, = —cifand onyif{a,}is not bounded below,

And ﬁan: + oo if and only if {a }is not bounded above,

Let A,=inf{a,a,,....}

And Zn:sup{awa ...;,nON

n+ 1" °

By définition we have

lima,=—oo = sup {Al,AZ,....} =iin, 00

= A, =— o, O nON
- infla,a,,,...}=—c, .0 nON
- {a,}isnotbounded below:

The proof forlimit superior.issimilar.

Coradllary: If{a }isany sequence, then

(i) — o< lima, <+ wiff {a_ }isbounded below.

and

(ii)— oo sﬁah < + wiff {a, }is bounded above.

For..bounded sequences, we have the fdlowing useful criteria for limits inferior and superior

respectively.

Limit points of a sequence:
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A number & is said to be a limit point of a sequence S, if given any nbd of §, S, belongsto the same
for aninfinite numberof values of n.

Now{S,,, S,.» Sp.y -~} O{S, S,.p S

wp S ---)» therefore by taking infimum and supremum respectively,

if follows that A,., 2 A, and A, s?n foreachn ON

Remark: Both limitsinferior and superior exist uniquely (finite or infinite) for al real ssquence.
Theorem: If{S }isany sequence, then

infS, <limS, <Sup S,
If {S.}isanysequence, then
lim{-S} = ~ims,

And -lim{-S,} =lims,

Some Important Properties of Algebra of sequences

If {a }isa bounded sequence such that a_> Oforall n.00.N, then

(i)Ii_m[i] L itima, >0
a, lima

n

(ii)li_m&] =—L it ima, >0

lima

If {a }and {b} are bounded sequence;:a;= 0, b, >0 forallnON, then

Lo (&) lima, . —
i) lim = |>=—Liflimb, >0
()_(b] limb,

n

N Y man .
(||)I|m£ans"ﬂb Jiflimb, >0

n

SOME IMPORTANT SEQUENCE TESTS
1. Cauchy’s root test

Let 3u_ be +w term sries and

lim {u,}" =¢

n- o
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Thenthe seriesis

(i) Catif r<1

(i) Dgtif £>1

(iii) No firm decision is possible if ¢ =1
2. Raabe’s test

Let 2u_ be a +ve term seriesand

Iimn{ Uy —1} =/
un+1

then the seriesis

(i) Catif¢>1
(i) Dgtif ¢ <1
(iii) No fim decision is possible if / =1

3. Logarithmic Test:

If Zu is +ve terms selies such that

lim (nlog ty jzf

un +1

Thenthe series

(i) catif ¢>1
(ii)dgtife<1
4. Absolute convergent
A series 2u 'is:said to be absolutely cgtif the positive term series X|u | formed by the modue of the
termsof the seriesisconvergent.

5. Conditional conwvergent

A seiiesis said to be conditionally convergertifitis convergent without being absoluely conwvergent.

Theorem: Every abslute convergent seriesis convergent.
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Note. (i) If Zu, iscgtwithout being absolutely cgt. l.e.if Zu is conditionally cgt then each of the +ve

term series 2g(n) and Zh(n) dvergesto infinity which follows from
1
9(n) = S{Ju.| +u,]

h(n) =5 {lud -u.]

(i) Itshouldbe notedthat three are no comparison tests for the cgt of conditionally.cg series

Altemating series

A series whose terms are alternately +ve and —ve is called analternating series.

6. Leibnitz’s test
Letu be a sequence such that OnON
() u, =0
@idu,,, <u,
@ii)limu =0

Thenalternating series u(1l) —u(2) + u(3) —u@)+....+ (=1)™*u(n).....iscgt.

7. Abel's Test

If a_is a positive, monotonic:decreasing funcion andif Xu_isconvergent series, then the series>u_ a,

isal convergent.

Uniform convergence

Point wise Convergence of Sequerce of Functions

Definition: A sequence of unctions {f } defined on [a, b] is said to be point-wise convergent to a
funcion fon [a, b], if

to each 0 >0 to each x [ [a, b], there exists a podtive integer m (depending on € and the point X)

such that

If )— f(x)] <€ On>m and O x O[a,b].
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The fnction fis called the paint-wise limit of the sequence {f}. We wiite limf_ (x) =f(x).

n- oo

FOURIER SERIES
f(x) = % +i a,cosnx +i b, sinnx
Where (0 < x<2m)

121'[
a, = ;I f(x)dx
0

And b = J’f(x) sinnxdx

s

Where f(x) isan odd function; a, = 0'anda_ = 0 wheref(x) is an even function; b, = 0.

Fourier seriesin the interval:(0 <x <2/) is

_.,
~—~
<
N
I

N |§’
+

i a, cosg+i b@in@

n=l n=1

2]
And b :le f(x) sin™i dx
0

In theinterva (—¢ <x< )
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= f f(x) dx, a, = J' cosde

+|
And bn=|-1f f(x)sinnl—T[X dx
3

Note: When f(x)is an odd function, a,= 0 and a, =0 when f(x) is an even function, b_="0.

HalfRange series (0<x <m)
A function f(X) definedin the interval 0 < x <1has two distinct half-range series.

(i) The half-range cosne seriesis

f(x) = %+Zag1 cos Nx

1L

Where a, —E f dx and a —.[f cosnxdx
T[0

(ii) The half range sire seriesis,
f(x) = Xb, sin nx

2 .
Where b =—|f dx.
ere b, n! (x)sin nx dx

Half-Range Series 0 <x < )
A function f (x) defined in theinterval (0:<'X <l)and having two distinct half-range series.

(i) The half mange cosne seriesis,

f(x) = % +2a cos %

Where a, == f(x)dx

_IN
O

And =

|
EI" oosnnxd
I0

(ii) The*half-range sine seriesis,

f(x) =2b, sin @
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|
Where b, :TZI f(x) sin%dx
0

Complex form of Fourier series

+00

fx)= D ce™

m=-0

Wher ¢, = =l f(x)e ™ dx

Parseval’s ldentity
For Fourier sries,

A e nmx & . NTX
f(x) = =+ cos—+ b sin—,0<x<2l
0=+ a, 2. b, |

n=1 n=1

The Parseval’sidentityis
1 2] 2 1 0
= dx=22 + =3 (a2 +b?
LT [100T ax-2+23 (a5 03]
FOURIER INTEGRAL
The Fourier sries of periadic function f (x) onthe interval (=¢,+¢) is given by
n 1
f(x) =a, +7 cos— +Zb sn™> @)

Where __I f(x)dx__J' f(t) dt

-0

_1 nmt
a = I f ()cos J dt

_1 Tt
b = I f(gsin== dt

Then

Phone: 0744-2429714 Mobile: 9001297111, 9829567114, 9001297243
W ebsite: www.vpmclasses.com E-Mail: vpmclasses@yahoo.com /info@vpmclasses.com
Address: 1-C-8, Sheela Chowdhary Road, SFS, TALWANDI, KOTA, RAJASTHAN, 324005

Page 10




eVl VPM CLASSES

CSIRNET, GATE, IIT-JAM, UGC NET ,TIFR,IISc,JEST,INU, BHU,ISM,IBPS, CSAT, SLET, NIMCET, CTET

“Lfaul _
f(x) = n!du J'f(t)cosu(x t)dt

—co

Thisis a form of Fourier Integral.

SOME PROBLEMS

1. The st of all positive valuesof a for which the series i(i —-tan™ (ED converges,is
n=1 n n
1 1 1 1
1) | 0= 2)|0,= 3) | =, 4) | =00
(03] @ o3) @ (3] @ (3]
2. Matc the folowing
Series (X) Domain of

Convergence (Y)

A. z% @i [0, 2]

B. Y (-1)° ;n:ll (i) F2=e, -2 + €]

c.> - (x-1) (i) -1, 1]

S ultac ) 1, 1

A B C D

1) (iv) (iii) (ii) (i)

) (iv) (iii) (i) (i)

3) (iii) (iv) (i) (i)

4) 0] (i) (iv) (iii)
3. The sries

(1)" (1.3]" (1.3.5)" .
Ir+|=| +|—| +|=—=]| +...is-
2 2.4 2.4.6

(1) Convergent, if p =2 divergent, ifp <2

(2) Convergent, if p > 2 and divergent, if p <2
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(3) Convergent, if p<2 and dvergent, ifp > 2
(4) Convergent, if p <2 and divergent, if p =2

1
4, For the improperintegral Ix“‘le‘xdx which one of the following is true
0

(1) ifa <0, onvergentand ifa =0, divergent
(2) ifa >0, Gnvement and ifa < 0, dvergent
(3) ifa >0, onvergentand ifa <0, divergent
(4) Ifa > 0, dvemgentand if a < 0, convergent

5. Let Al Rand Let f, f,—f be functionson Ato R and Let ¢ be a duster pointof AifL, =Lim f for k=

X -»C

1, ...,n Then Lim [f(x)]

1)L @)L kON @)L @)1

ANSWER KEY: - 1. @), 2. (2), 3. (2),4. (3), 5. (3)

1. (4) Usethe follovingresults:

(1) Let Za, &Zb, be two posiive termseries

@) If Lt %:Z, ¢ being a finite non—zero congdant, then >a & b bothconveme or diverge together.

(@ii) If Lt % =0 & ZPv xovwepyeo, then >a also conwerges.
(2) The series Z—lp converges if p > 1 & dvergesif p <1. We compare the given series with the
n

. 1
series ZTp
n

Lt (%—tan‘lﬁja = Lt [3_:'3_5—# """" Ja {_.i_ tan-l(ijzl {1 1. q

Lt 1 Lt 1 - gl s Ispwe LSRR J
n® nk?
-1 1.
e 5 T
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p p a
= Lt n3_n5____
n-={3n° 5n

For this limitto be zero or some other finite number

3-p=0 i.e.p<3

& forthe series Z—i'p to be convergent, ap >1
n

1_1
= a>=>=
p 3

1
= a>—
3
= aD(E,oo] O Ans. is(D)
2.2) () Zﬁ—!
1
a = a =

3
R:Iim}i :Iim(1+—1j =1
N=°18h 4 N n

So the domain of a, is[-1, l]zi2
n

For x = 1 the given power:seliesis
Which is convergent.
For x = -1 the given power seriesis
Y N N
23 33 43
Which is convergent, by leibnitz's te<. O Ans. is(iv)

(i)Y (-1)'=

2n+1

R= |im}i
N=*1a, 1

The interval o convergence [-1, 1]

2n+1

. 2n+3
= |lim—— =
n-e2n+1

1
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for x =1, the series becomes

11
1—5 +§ Which isconvergent by Leibnitz’'stest
. 1 1
For x = -1 the seriesbecomes —1+§—§...

Which isagan convergent.

Hence the exactinterval of convergencyis[-1, 1. O Ans. is (iii)

i‘:limHzl
&4 "on-

Since the given power seriesis about the point x = 1the interval of convergence is
-1+1<x<1+1=0<x<2

(ii) R = lim

n+l
for x = 42, the given sries z ( n) which is convergent byleibnitz's test.

Hence the exactinterval of convergenceis[ 0, 2]. HAns. is (i)
, ni(x+2)"
(lV) Z%

The gven power seriesis about the point x =2

| n+1n+1
R = lim |2 = im0 40
R EW S (]
:Iim(n—ﬂ] :|im(1+1] e 0 Ans. is (ii)
n- o n N<s 00 n

The interval of convergence is[-2 —e, =2+ €],
3.(2) Neglecting the first term

u= (135—(2n—1)jp

" 246...2n

andu,, = (

135....(2n-1)(2n+1)Y
2.4.6.....(2n) (2n +2) ]
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or, r!irr;u" :Lin;l = =
n+l (l"’ij
2n
0 Ratio test fails.
p
1+i
O log Uy =log n .
u
S G
2n
= plog (1+1] —plog (1+—1j
n 2n
:pf(g_i+_1_ j_(_l_i+_lj7
[n 2n® 3n° ) \2n" gn’ 24n3J
. r(i__lj_(_l_ij{i_L} |
Ln 2n’ 2n gn’ 3n®  24n° J
:p{_l_i+4+ }
2n 8n® 24n°
, u
O nI|n’°1°nlog f

n+L

im p =~ +
nawp > 8n 24n2

P

2
From Logarihmic ted.

The sriesisconvergent, if%p >1,ie,p>2

The wriesisdivergent, ile p<l,ie,p<2
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The est fails if%p =lie,p=2

Now n log ty :2(l—i+ ! +J
Uy 2 8n 24n?

Un

or, {nlog —1}
un+1

3 7

=—— + = +.
4n  12n

u

or, {nlog a —1}Iogn

un+1

-_3 ,logn 7 logn,
4 n 12 n

Wé'il'ij
n-o\ 4 n 12 n?

Hence by higher logarithmic test the.given: series is dvergent ifp = 2.
Hence the given seriesis convergent when p>2 and divergent whenp < 2.

The correct answer is(2).
1
4. (3) _[ x“ e dx,

Whena > 1, the given integral is a proper integral and hence it isconvergent. When a < 1, the

integrand becomes.irfinite at x="0.

Now lim'x* x% te™ = limx** ™ =1
X=0 X0

ifu+a -1=0,ie.,u=1-a
We then have 0:<p <1 whenO0O<a <1
and M >1where a<O.
It follows'byu -test thatthe integral isconvergent when 0 < a < 1 and divergent when a < 0.
And we have proved above that the integral is convergent when a> 1. Consequently the given

integral is convergent if a > 0and divergentif a<0.
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5.3) ifL, =lmf

thenit followsfrom aby known result which iscalled an Induction arument that
L, +L,+ - +L = lim f(_ + f,+ -~ + 1),

and

L, - L, L, = lim(f, - f,---£).

In particular, we deduce thatif L = lim fand n O N, then

X-C

Lr =lim (f)".
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