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EIGEN VALUES

LetA= [a],,be anyn rowed square matrixand A is an indeterminate.

I A- Alis called characteristic matrix.

|A-A | = 0 is called characteristic equation and roots of this equation is “called the
characteristic

roots or charactelistic values or eigen values or latent roots or proper values of the-matrix
A

Note. The set of the eigen values of Ais called the spectrum of A.

Eigen vectors

If A is a characteristic root of an n x n matrix A, then a:non-zero vector Xsuchthat AX= x
Xis called a characteristic vector or eigen vector of A corresponding to the

characteristic root A.
Remark. 1. A is achamcteristic rootof a matrix Aif anyonly if there exists a non- zero
vector X such that AX= aX.

2. If X is a characteristic vector of a matrix A correspondng to the characteristic value A

,then kx is also a characteristic vector of A corresponding to the same characteristic

value A.
Here k is any.non-zero scalar.
3. The characteristic vectors mrresponding to distinct characteristic roots of a matrix are

linearly independent.

Algebraic Multiplicity
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If. Abe a eigen alue of ordert of the | A- Al | =0, then tis called the AM (algebraic

multiplicity) of A,

Geometric Multiplicity

If s be the number of L.I eigen vector corresponding to the eigen value A, then s is called
G.M(geometric multiplity) of A .
Note: G.M< A.M.

Nature of the eigen value of the special types of matrices

1. The eigen value of a Hermitian matrix are all real.

2. The eigen value of a real symmetric matrix are all real.

3. The eigen value of a skew-symmetricmatrix are either pure maginary or zero, for every
matrix is Skew-Hemitian.

4. The eigen values of unitary matrices are unit modulus.

5. The eigen roots of an orthogonal matrix are of unit modulus.

Ex . Show that the eigen value of a tiangular matrix are just the diagonal elements of the

matrix

8y Ay &3 _ _
LetA= | 0 a, a,,| triangular matrxoforder 3

0 0 ag
a;~A Ay a3
[A- Xzl 0 ay-N  ay
0 0 az3 —A

= (all_)\) (a22 —)\)(a33—)\)=0

Theroots of the equation |A-Al=0area, , a,, , as;
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The Cayley-Hamilton theorem

Every square matrix satisfies its characteristic equation, i.e., if for a square matrix A of
order n.

|A-A] = (-1)"[A"+a, A+ a A"+ ..+ a] then the matrixequation

X'+axt+ax?+...+al=0Iissatsfied byX=A.

e, A+a A*+aA”+..+a |=0

Cor. 1. If Abe a non-singular matrix.| A| # 0.

Premultiplying by A*

Art+a A?+a A+ ...+a |+a A'=0
or ATl = —(—1J(A”"1 +a, A"+ +a )
an

Cor.2. If m be a positive integer such that m > n, then multiplying the results by A™"

A+a A+ . +a Am=0.
Eigen values and eigen vectors

If Vis a vector space ower the field Fand Tis a linear operator on V. An eigen value of T
is a

scalar cin F such that there is a non-zero vector a OV with Ta =ca If c is an eigen value
of

T, then

(a)Any a such that Ta =ca is called eigen vector of T associated with the eigen value
C,

(b) The collection of all csuchthat Ta =ca is called the eigen space associated with c.
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Eigen value of matrix Aover F

If Ais an n x n matrix over the field F,an eigen value of Aover Fis a scalar cin F such that

the matrix (A— cl)is singular (notinvertible.)

Eigen polynomial
f(c)=|A-cll.

Diagonalizable

If T is a linear operator on the finite dmensional space V. Then T is diagonalizable if there
is a
basis for Veach vector of which is an eigen vector of T.

Some Important Theorems

1 If T is a linear operator on a finite dimensional space V and c is any scalar. Then
following are
equivalent
(@) cisaneigenvalue of T
(b). ~ The operator( T —cl) is singular (not invertible)
(© det(T—cnN=0
2 Similar matrices have the same eigen polynomial.

3 If Ta =ca and Fis any polynomial, then F(T)a =F(c)a.

4 Suppose T is a linear operator on the finite, dimensional space V, c.... ¢ _are k-distinct

eigen
Phone: 0744-2429714 Mobile: 9001297111, 9829567114, 9001297243
W ebsite: www.vpmclasses.com E-Mail: vpmclasses@yahoo.com /info@vpmclasses.com

Address: 1-C-8, Sheela Chowdhary Road, SFS, TALWANDI, KOTA, RAJASTHAN, 324005
Page 5




eVl VPM CLASSES

CSIRNET, GATE, IIT-JAM, UGC NET ,TIFR,IISc,JEST,INU, BHU,ISM,IBPS, CSAT, SLET, NIMCET, CTET

Values of Tand Ware the space of eigen vector associated with the eigen value c. If

W=W,+W, +..+W,, then dm W =dim W, + dm W, + ..+ dim W, In fact, if B, is an
ordered basis forW thenB = (B,,....,B) is an ordered bass for W.

S If Tis alinear operator on finite dimensional values of T and W is a null space of (T - c
).
The following are equivalent :
(i) Tis diagonalizable
(i) The eigen polynomial for Tis F = (x-¢)*...(x-¢, )% withdim W, =d,i=1...k.
(iii) dim V=dim W +dimW_+ ..+ dimW..

Theorem. If a is a characteristic vector of T corresponding. to-the characteristic value c,
then ka
is also a characteristic vector of T corresponding to the same characteristic value c. Here k
is
anynon zero scalar.
Proof. Since a is a characteristic vector of T corresponding to the characteristic value c,
Therefore a #0 and
T(a)=ca. .. (1)
If k is any non-zero scalar, then ka 0.
Also T(ka) =kT(a) = k(ca) = (kc) a
= (cK) a = c (ka).
0 kais a characteristic vector of T corresponding to the characteristic value c.
Thus corresponding to a characteristic value c, there maycorrespond more than one
Characteristic vectors.
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Theorem. If ais a characteristic vector of T, then a cannot correspond to motre than one
characteristic values of T.
Proof.Let a be a characteristic vector of T correspondng to two dstinct characteristic

values c,

and c, of T. Then

Ta=ca
and Ta=c,a
0 ca=ca
= (c,—c)a=0
= c—-c,=0 [-az0]
= c,=c,=0

Theorem . Let T be a linear operator on an n-dimensional vector space V and A be the
matrix of T relative to any ordered basis B. Then a vector Ain Vis an eigenvector of
T corresponding to its eigenvalue c if and only if its coordinate vector X relative to
the basis Bis an eigen-vector of A corresponding to its eigenvalue c.

Proof. We have
[T—cl], =[T],—cll],= A=cl.

If a 20, then the coordinate vector X of a is also non-zero.

Now [(T=cl)(a)], = [T=cl], ],

=(A-cl) X.

0 (T—clh)(a) =0iff(A-cl) X=0
or T(a) = ca iff AX=cX
or ais aneigenvector of T iff Xis an eigenwector of A.

Thus with the help of this theorem we see that our definition of characteristc vector of a

matrix
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is sensible Now we shal define the characteristic polynomial of a linear operator. Before
doing
so we shall prove the following theorem.

Theorem . Let Tbe anylinear operator on afinite dimensional vector space V, letc, c,, ...,
c, be the distinct characteristic values of T, and let W_be the null'space of (T - c]).
Then the subspace W,, ...., W,_are independent.Further show that.if in addition T is
diagonalizable, then V is the direct sum ofthe subspaces of the subspaces W, ...,
W.,.
Proof. By definition of W, we have
W={a:a0O Vand (T-cl) a=0i.e Ta=ca}.
Now leta, be in W,i=1, ...,k ,and suppose that
ota+..+a=0. (1)
Letjbe anyinteger between 1 and k and let
U= n (T-cl).
1<i<k
i ]
Note that U is the product of the operators (T—cl)for i#j In other words U= (T—cl) (T-
cl)...
(T —cl) where in the product the factor T — cl is missing.
Let us find Uga, i = 1, .., k. By the definiton of W, we have (T - cl) a = 0. Since the
operators

(T.=¢]) all commute, being polynomials in T,therefore Ua = 0 fori# j. Not thatfor each i#

Note that for each iz ju, contains a factor (T—c|l) and (T —c|) o,= O.

Also
Ua  =[(T-cl)..(T-cl)a
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=[(T-c,)... (T—c, N1 [Ta - c,la)
=[(T-c...(T—c _NI(c,a—-ca)
[ Ta =ca and lo, =a,,]
=[(T-ch...(T-c_NI(c,—c)a
=(c,—c) [(T-c)...(T—c_Dla,
= (cj -c) (cj —C_ ). (cj -c) a, the factorc — C, will-be missing. Thus
Ug, :lls_li_ls_ k(cj _C‘)]aj. .. (2)
i # ]
Now applying U to both sides of (1), we get
Ujor1 + UJ_O(2 + ...+ Ujak= 0

= Ua =0 [+ Ua = 0if i#j]

= |0 -c)|o =0 by 2)]

i#]
Since the scalars c are all distinct, therefore the product

il;lj(cj )

is a non-zero scalar. Hence { n (e, —ci)}aj =0
i# |
= o = 0. Thus aj= O foreveryintegerj between 1 and k.
In this waya +....+a =0

= o =0 foreach i.Hence the subspaces W, ..., W _are independent.

Ex. LetVbe an-dimensional vector space over F. What is the characteristic polynomial
of
(i) the identity operator on V, (i) the zero operator on V.

Sol. LetB be anyordered basis for V.
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(i) Ifl is the identity operator on V, then
[, =1.
The characteristic polynomial of | = det (I — X)

1-x O 0
0 1-x 0

_| - L . :(1—x)".
0 0 1-x

(i) If 0 is the zero operator on V, then [6]5 =0 i.e. fthe null matrix of order n.

The characteristic polynomial of 0 =det(0 - x)

-x 0 ... O
0 -x ... O

— . . . :(—1)an_
0O O -X

Poisson distribution as a limiting case of the negative Binomial distribution

Negative binomial distribution tends to Poisson dstributon as P -

}

0, r -~ o such
thatrP = a (finite). Proceeding to the limits, we get

. G (X AC=L) o L (x+r-1 —VEX —l =
Ilmp(x)—hm( - qu —|Im( « JQ (Q] {'etp—z-Q—

i KT =D (X 4T -2) 1y (1+P){[ P T
1+P

N o

rs x!

lim {—1(1+ X_lj(1+ X _Zj...(1+}}1.r"(1+ P)™" (L] }
r—o|x! r r r 1+P
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=L iim {(1+ P)” (iJ }:)‘—X lim Kuﬁﬂ_ lim (1 +1]_X[-.- rP =]
XIr - 1+P Xr - o r r-w r

which is the probability function of the Poisson distribution with parameter ‘A’.

Deduction of moments of negative Binomial distribution from those of Binomial
distribution

If we write p=1/Q, g = P/Q such thatQ — P = 1, then the m.g.f. of negative binomial variate

Xis
given by:
M(D = @ - Pe)* (1)
This is analogous to m.g.f. of binomial variate Y with parameters n and p’, viz.,
M® =@ +pe);a=1-p (2
Comparing (1) and (2), we getg'=Q,p'=—P and n=-Kk ..(3)

Using the foomulae for moments of binomial distribution, the moments of negative binomial
distribution are given  by:
Mean =np'=(— k) (- P) = kP
Variance =np'q' = (=K) (=P) Q =kPQ
w,=np q'(@-p)=(=k (-P)QQ+ P)=kPQ(Q +P)
w,=np'dfl +3p'q' (n-2)] = (- k) (- P) QL + 3 (P) Q(-k - 2)] = kPQ[1 + 3PQ(k +
2)].

Ex. Given the hypothetical distribution:

No.ofcells(x) : O 1 2 34 5 Total
Frequency(f): 213 128 37183 1 400
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Fit a negative binomial distribution and calculate the expected frequendes.

Sol. LetXbe negative binomial variate with parameters r and p.

2fx 273 rq
'=Mean = — === =0.6825=— =1-
My St 400 0 g p)
,_sfix* _ 511 _
Me' =5 =500 =1.2775 (1)

W=p'—p?=1.2775-(0.6825)? =0.8117

O Variance =0.8117 = 2 .(2)
p
Dividing (1) by (2), we get p =882 _ 8408, q =1 —p =0.1592
0.8117
0 r=Px06825 05738 54003 4 [From (1)] (3)

q ©0.1592
Since, r being the number of successes cannotbe fractional.
f =p'=(0.8408)*=0.4978 0.5

r+0
T 1qfo =rqf, =0.5738 x 0.5 = 0.2869

1

(@ rq =p x 0.6825 =0.5738) [From (***)]
f, =1 *1 4. f =2 40,1592 x 0.2869 = 0.1142
1+1 2
f, =122 4.t =2x0.1592 x 0.1142 = 0.0364
2+1 3
f, =13 4.1, =< x0.1592 x 0.0364 = 0.0101
3+1 4

AL :g x 0.1592 x 0.0101 = 0.0026

0 Expected frequencies are : (N = 400)

Nf,  Nf Nf  Nf Nf, Nf
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200 114.76 45.68 14.56 404 1.04

Observed frequency : 213 128 37 18 3 1

. Expected frequency: 200 115 46 14

Poisson distribution

A random variable X is said to follow a Poisson distribution if it assumes only non-negative
values

and its probabilitymass function is given by::
e\ _
p(x, \) =P(X = x) = T’X_O’l 2....A>0

0, otherwise

Moments of the Poisson distribution

0 0 e—AAx A ) Ax—l
' =E(X) = ’A = . = \e
' =E(X) ;)xmx ) Zox e ZO T

A2 A°
e M1er+ 5+ 24 = e =
x! —~ (X — 2! 3l

Hence the mean of the Poisson distribution is A.

) 0 =-A) X
b =EO) = S0 ) = 3 xx - 1) + xS
x=0 x=0

x!

0

=g iX(X - l))\T): + ixe_)\?x :)\Ze—)\{z S
x=0 x=0

X

L)\ = Zerer+ A = N2+ A
X:Z(X—Z)!J

00 00 —)\ X
' 2E(C) = ;x3p(x, N :Z:O{x(x ~ 1) (x —2) +3x(X ~1) + x}= X!A

0

)\}\X
= x(x-1 (x -2

e
|
x=0 X

eM & e
X

x=0

+ 3ix(x -1)
x=0

X x!
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o0 x-3 oo X-2
=)\ Z A +3e™M\? A +Az=er*Ner+ e Ner+ A=A+ 3N+ A
o (x=3)! = (x=2)!

e =E(X") =3 X" .p(x,A)
x=0

e—)\ X

= i{x(x “D(x-2)(x=3)+6x(X -1 (x—-2)+7x(x -1 + x}
x=0 x!
=a(er e + 6x(er en) + 7aerer)+ A= N+ BA3+ TA2+ )

Coefficients of skewness and kurtosis are given by :

B :u—gz—:—l and Y. :,\/B_:i
1 ug A 1 1 «/X

1 1
Alsop, =4 =3+= and =B, -3==
B, u I\ Yo =B, N

Hence the Poisson distribution is always a skewed distribution.

Proceedingto the limitas A -~ « andg,= 3.

Mode of the Poisson distribution

e M \x
pPX) __ xt  _A
p(x -1  eraxt x
(x =!

We discuss the following cases :

Case-l:

When A is not aninteger. Let us suppaose that S is the integral part of A, so that
x=S+f0<f<1.

We get:

px) _S+f_ ([>1ifx=01..5S
p(x—l)_ X <lLifx=S+1S+2,..
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ﬂ>],@>],... pS =1) >1, p(S) >1, and p(S+1)<Lp(S+2)<l“_
pO) ~ pd) ‘pS-2) T pS-1) p(S) p(S +1)

Combining the above expressions into a singe expression, we get
p0)<pl)<p(2)<..<p(S=-2)<p(S-D)<p(S)>p(S+1)>p(S+2)> ...,

which shows that p(S) is the maximum \alue. Hence, in this case, the distribution is

unimodal and the
integral part of A is the unique modal value.
Case-ll :
When A = k(say) is an integer. Here, as in case—I, we have

PO L, p@  pk=D e bR pkED Pk +2)

p(0) “p@® T pk-2) pk -1 7 pk pk + 1)

O p(0)<p@)<p@)<..<pk-2)<p(k-1)=p(k)>pk+1)>pk+2).
In this case we have two maximum values, viz., p(k. — 1) and p(k) and thus the distribution

1..

is bimodal

and two modes are at (k— 1) and k, i.e., at (A=.1).and A, (since k= )).

Moment generating function of the Poisson distribution

ki A 3\ X 00 =A tyx t\2 . .
My () =D e" & XI)\ :Ze (i\,e) =e? {1+>\et +% +...J:e‘A et =ele -
x=0 X =0 . .

Cumulants:Characteristic function of the Poisson distribution

Al ) x -A © )\eit * it ot 1)
o (t)=2] e'“.p(x,A)=Ze"xe )I\X =e‘xz( ) et =

x=0 x=0 X! x=0 XI
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K (t) =log M () = logle*® D] = A(e'— 1)

2 3 r 2 3 r
:AH1+t+t_+t_+...+t_+...]_1]:A{t+t_+t_+...+L+..}
21 3l r! 2! 3! r!

k = r"cumulant = Coefficient o1‘i| inK@®=x = kx=x;r=1,2,3,..
r!

Hence, all cumulants of the Poisson distribution are equal, each - being equal to A. In

particular, we
have
Mean=«k, =AW, =K, = A\, i, = Kk, = Aand p, =k, + 3k,7 = A +3\?

_)\+3)\2_1+3
=——=3

1
31:_:_:K and B, =

tlt
NN

Ex. In a Poisson frequency distribution, frequency corresponding to 3 successes is 2/3
times frequency corresponding to 4 successes. Find the mean and standard

deviation of the distribution.
Sol. Let Xbe arandom variable following Poisson distribution with parameter A. Then the

frequency function is given by

e\
X!

f6) =N.pKx =NP(X=X =N. ;Xx=0,1,2, ... (1)

e A4
41

-A 33
Putting x=3 and 4 in (1), f(3) =N . A

and f(4)=N.

-Ay3 Ay 4
We are gi\,en:f(3)=§2f(4):> N.egl)‘ :éN.e A

41
2 —12—2.1 = )\:ixgxm:G.
3.3 4! 3 2
= Mean of poisson distribution
A =6and s.d. of the
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Distribution =+4/A =6

NEYMAN J. ANDPEARSON, ES LEMMA
This Lemma provides the mostpowerful testof simple hypothesis against a simple
altemative
hypothesis. The theorem, known as Neyman Pearson Lemma, will be provided for
density function f(x, 8) of a single continuous variate.:and a'single parameter.
However by regarding xand 6 as vectors the proofcan-be easilygeneralized for any
number ofrandom variables x,x,,..,x, and any number of parameterse,, 6,,....,6, .
The variables xy,x,,...,x, occurring in this theorem are understood to representa
random sample ofsize n from the population ,whose density function is f(x, 6 ). The
lemma is concerned with a simple hypothess H,:6=6, and a simple aternative

H1:9:91.

Neyman PearsonLemma Letk > 0 be a constantand W be a critical region of size such

that
fx
W=: xS ( 61) >k
f(x,eo)
I‘1
W={xO0S:— >k - (1)
Lo
— L,
and = W=:x0S:— <k . (2)
Lo
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where L, and L, are the likelihood functions of the sample obsenations x = (
X1, X2 ... X, ) UNder Hyand H respectively. Then W is the most powerful critical region

of the test hypothesis H, :6=6, against the alternative H, : 6=6,.

Proof. We are given
P(xOW|H,)=[L,dx =0 .. (1a)
The power of the region is
P(xOW |H,)= [L,dx =1-B,(say). ... (1b)

In order to establish the lemma, we have to prove that there exsts no other critical

region, of size less than or equal to o, which is more powerful than W. Let W, be

another critical region ofsize a, <a and power 1 —g so that we have
P(xOW,|H) =] Lodx=a, )
and P(xOW, [Hy) =] L dx =1~ - (3)

Now we have to prove that 1-p=1-8,

Letw=A0C and W, =BOC

We e W
2O
4
L A (c) B )
\ ) ‘J
\, }/ y
D

(C may be empty,i.e., Wand W1 maybe disjoint).

If a,<a, we have
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IWlLO dx< J'WL0 dx

= .[BDCLOdXS-[ADCLO dx

= IBLodstALodx

= IALO dx 2IBLde . (4)
Since AOW,
(1) = [ Lidx >k| Lyax 2k [ Lydx [Using (4)] . (48)

Also [1(a)]implies

L cvoxow

0

= [WL, dx < k| WL, dx
This resultalso holds forany subset of W, say W n W, =B. Hence

[.Lidx <k[ Lodx < Lydx [From (40)]
Adding [L,dx to both sides, we get

Ldx < [ Lidx = 1-B21-B,

Wy

Hence the Theorem:

Unbiased Test and Unbiased Critical Region. Let us consider the testing of
Ho: 8= 6, against.H,:6=8, : The critical region W and consequently the test based
on it is said to be unbiased if the power of the test exceeds the size of the critical
region, i.e, if

Power. of the test > Size of the C.R.

= 1-B=a
= Pe, (w)=> P, (w)
= P[x:xOW | Hy] = P[x:xOW | H |
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In other words, the critical region W is said to be unbiased if

= Po(W) 2 Py (W), 06(%6,)0 0

Theorem. Every most powerful (MP) or uniformly maost powerful «(UMP) critical

region (CR) is necessariy unbiased.

(a) f W be an MPCR of size a for testing H,:6=6, againstH,:8=6, . then it is

necessarilyunbiased.

(b) Similarly if W be UMPCR of size a for testing H,:8=6, against H,: 600, then it

is also unbiased

Proof.(a) Since W is the MPCR of size a for testing H, : 8 = § againstH : 6 =6, by
Neyman Pearson Lemma, we have ; for 0Ok >0,
W={x:L(kx,6)=kL(x,6}={x:Lk=zL}
and W'={x:L(x,8)<kL(x,6}={x:L<kL}
where k is determined so that the size of testis a i.e.,
Pe, (W)=P(x DW [H,)= [ Lodx =a . (i)
To prove that W is unbiased, we have to show that:
Power of w>a ie,, P, (W)za ()
We have :-R, (W) =[ L dx2k | L,dx=ka
[- on W, L, >kL, and using (i)] ... (iii)
ie., B, (W)=ka, Ok>0
Also
1-P, (W) =1-P(x OW|H,) =P(x OW'[H,) :jW,lex
=k, Lo dx =kP(x:x DW'|H,) [-onW,. L <kL]
=k[1-P(x:xOW[H)] [Using (i)]
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i.e., 1-P, (W)<k(1-a),0k>0 .. (iv)
Case (i) k=1. if k=1, then from (iii), we get :
Py (W)zka 2a
= W is unbiased CR.

Case (i) 0<k<1.1f0 <k<1,then from (iv), we get:

1-R, (W)<1l-a =P, (W)>a= Wi is unbiased C.R.
Hence MP critical region is unbiased.
(b) if Wis UMPCR of size a then also the above proof holds if for 6, we write 6 such
thate 0 ©,. So we have

P,(W)>a, 0606, = Wis unhased CR.

Optimum Regions and sufficient Statistics. Let x; x,,..,x, be a random sample of size n

from a

popuation with pm.f or p.d.f. f(x, 8) where the parameter emay be vector. Let T be
sufficient fore.

Let Tbe a sufficient statistic for 8. Then by Factorization Theorems,

n

L(x.68) = n f(x;.0) =gq (t(x)) .h(x)
where ge(t(x)) is.the marginal distribution ofthe statistic T = t(x).
By Neyman Pearson Lemma the MPCR for testing H,:6=6, againstH,:6=6, is given by:
W = {x:L(x6;) 2 kL (x,68,)L0k>0
W= {x: gg, (¢(x))-n(x) = k. g, (t(x)).n(x)}.0k>0
= { X: gel(t(x)) >k. geo(t(x))},Dk>0

Hence if T =t (X) is sufficient statistic for 8 then the MPCR for the test may be defined in
terms of the
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marginal distribution of T = t(x), ratherthan the jointdistribution of x,x,.,..,x, .
Ex.  Use the Neyman-Pearson Lemma to obtain the region for testing 6 = 6 against 6 = 6,

> 6, and

6 =86 <6,in the case of the a nomal population N(e, ¢?), where o is'’known. Hence

find the power ofthe test.

Sol. L:ﬁf(xi,e):(N%Tjnexp{—z—izi(xi‘e)z}

=1

Using Neyman-Pearson Lemma, best critical region (B.C R) is_given by (for k > 0)
13 2
e
>k
e

= exp[ 2c1;2 > (x-8)° —Zn:(xi - 60)2}2 k

i=1 i=1

X, — 0,
X; = 6

n
i=

el
L 1
0 exp{— 57 2

n 1 N
- (62 -6, +?(e1 —eo)gxizlog k

(since log xis an increasing function of x)

) 2_.pn2
:?(91—60)2?Iogk++ i 0

Case (i) If 6, > 6 , the B.C.R. is determined by the relation (right-tailed test) :

2
?>ig%+m
n 6,-6, 2

= X >\, (say).
0 B.CR.is W={x:x>A} .. (D
Case (ii) Ife, < 6,,the B.C.R. is given by the relation (left handed test)
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2
x<Z ok 6,+6 =), (say).
n 6,+6, 2
Hence BCR.is: W, ={x:X<A,} (2

The constants A and A, are so chosen as to make the probability of each of the

relations (18.10) and (18.11) equal to a when the hypothesis H i true. The sampling
distribution of X, when H is true is N[ewi}(i =01). Therefore, the constants X and A
n

are determined from the relations :

P[X>A,|H,|=a and P[x <A, |H,]=«a

A -6
: P(7<>)\1|HO)=P{Z>(;—\/_°}=O(;Z~N(O,1)

/4N
A -6, o
= A =6, + .. (3
= mﬁ' Zy = A =Y 7;2(; (3)
where z_ is the upper a-point ofthe standard normal variate given by:

P(Z>2z)=aqa (D)
Also P(x <A, |H))=a = P(x2A, |H)) =1-«a

A, -6 )‘2_90:

= PlzZz—=—Z2 |=1-0 = zZ_
( o/\/ﬁj oidn

= A, =6, +%zH ... 3(a)

Power of the test. By definition, the power of the testin case (i) is :

1-B=P[x OW|H] =P[x 2, |H]

A, -0 X-0
=p| z>+=2 > Under H,Z = L ~N(01
( 0/«/5) { " a/ln ( )}
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o
90+ Zu_el
=P|Z> Nn

[Using (3)]
o/+/n
—plzsz 878 g
—P[Z_zu olw/ﬁj (- 6,>8)
— — 6 -6,
=1-P(Z<A,) {)\3 =z, —m,say}
=1_¢)()\3)' (4)

where o(.) is the distribution function of standard normal variate.

Similady in case (i), (6, <6 ), the power of the test s

1-p=P(R<r, W) =Pz <22

olx_ln
o
6, + z,,76
=P|z< Jn [Using (3a)]
o/An
— 8,-6,)_ A .9 > 4
=P Z<zl,(,+0/ﬁ =®(A,), (~8>6) ... (4a)

Jn(6,-8) _n(e,-8)

where A, =z_, + =
(0} o

Zy v (4&)

UMP Critical Region. Provided best critical region for testing H, : 6 = 6, against the
hypothesis 6 =6,
provided 6, > 6 while defines the best critical region for testing H :6 =6, aganst H_:
6 =16, provded 6 < 6,. Thus, the bestcritical region for testing simple hypothesis H :

6 = 6, against the simple hypothesis 6 =6, + ¢, ¢ > 0 will not serve as best critical
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region for testing simple hypothesis H : 6 =6 againstsimple altemative hypothesis
H:e=6,-c,c>0.

Hence in this problem, no uniformly most powerfu test exists for testing the simple
hypothesis, H_ : 6 =6, against the composite alternative hypothesis, H;:8%86,.
However, for each altemative hypothesis, fH,:6=6,>6, or H,:0=0<8;,a UMP test

exists andis given by and respectively.

Remark : In particular, if we take n =2, thenthe B.C.R. for testig H :6 =6, against H, :6,
(>8) is given by
w :{x: (X, +%,)/228, +0z, /«/E}
:{x:x1+x22290 +2 ozu} [X=(x, +x,)12]
={x:x,+x, 2C},(say)
where C=26, +20 z, =26, +4[2 0x1.645, if o= 0.05. o (%)
Similarly, the B.C.R. fortestingH : 6= 6 againstH :6 =96 (<6)withn =2 and a =
0.05is given by
Wy ={x:(x +%,)/2 < 8 -0z, /4/2}
={x:(x1+x2)s 20, -~20 ><1.645}
={xux,+x%,2C}, (say), e (%)
where C, =26, 2oz, =26, ~v20x1.645 ifa = 0.05
The B.C.R.for testing H : 6 = g, against the two tailed alternative
H,:0=6(#8), is givenby: w, ={x:(x,+x,2C)0(x,+x, < C))} ... (**)

The regions in (**), (***) , and ¢***) are given by the shaded portions in the following

figures (i), (i) and (iii)

respectively.
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Fig. (i) Fig. (ii) Fig. (iii)
BCR _HOZBZSO BCR .HO;S:BO BCR _Ho39:90
for .Hl:e:el(> eO) for . Hl :e:el(< eo) for -lee:el(i eo)

Ex. Examine whethera bestcritica region exists for testing the null hypothesis H : 6= 6,
aganst the alternative hypothesis H : 6 > @ for the parameter 6 of the distribution.
1+6
f(x0)= J<X <o
() ==
n n 1
Sol. f(x,0) = (1+0)"
(1000 =) [

By Neyman-Pearson Lemma, the B.C.R. fork > 0, is given by

n ) 1 n 1 1
1+6 ——>k(1+6 B ——
( 1) =1 (Xi +91)2 ( 0) =1 (Xi + 90)2

nlog(1+8,) —Zi log(x; +6,) = logk +nlog(1+ 6,) —Zi:log(xi +0,)
i=1 i=1

< X +6, 1+9,
= ZiZl:Iog(xi +91j 2Iogk+nlog(1+e J

1
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Thus the test criterion is ilog[xi +g°j, which cannot be put in the form of a function
i=1

i 1

of the sample observations, not depending on the hypothesis. Hence no B.C.R.
exists in this case.
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