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Area by Double Integration

Let the area ABCD be divided into sub-areas by drawing lines paralel to x and y-axis
respectively such that the distance betw een tw 0 adjoining lines draw n parallel to y-axis be

& and those draw n parallel to x-axis be dy.

Let Px, y) and Q(x + &,y + &) be two neighbouring points on the curve AD whose

equation is y = f(x) a in case (a). PN and QM are the ordinates at P and Q respectively.

Then the area of the element, shown by shaded lines in adjoining figure s &Xdy.

Consequently the area of the strip PNMQ = J.f(x)dxdy, w herey =f(x) is the equation of AD.
y=0

O Therequired areaABCD = j j dxd
x=a Jy=0

y J
A V=109 e
X=d X=2
ol B NM ¢
Fig.1

In a similar way, we can prove that the area bounded by the curve x =f(y), the y-axis and
the abscissaaty =aand y =b is given by

ry
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5 > X
Fig.2
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Iif we are to find the area bounded by the two curves y =f (x) andy =f (x) and the ordinates

X = a and x = b i.e. the area ABCD in the figure below then the required area =
J. If 1)
X=a -f(x)
Ex. Find the area of the region bounded by the parabolas y =x*and y =4 — x%

Sol. x% =y represents a parabolaw hose vertex is at (0, 0) and y = 4 — x? represents a parabola

whosevertex is at (0, 4).

Solving the two equationswe gety =4 —-yor2y =4ory =2
Ux2=2orx= i\/E

O The tw o parabolas intersect atA(\/E, 2) and B (—\/E 2).

2 4
0 Required area = 2(area OACO) =2[area OADO + area DACD] = 2 U 0Xdy +_[ 2Xdy},
y: =,

(w here the first integral is forx? =y and second fory =4 —x?)

3

- [y [N ] -2 2 ?I—{%m—yf;}:
[ e e

L VACM/
---%é(\z,«/z)

X' O %
yV

Fig.3
Area of curve given by polarequation

(a) Single Integration
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The area bounded by the curve r =f(8), w here f(6) is a single value continuous function of 6
in the domain (a, B) and the radii vectors 8 =a and 6 =B is equal to —;jﬁrzde, (a<B)
a

Proof. Let Obe the pole, OX the initial line and AB be the portion of the arc of the curve r =
f(0) between the radi vectors 6 = a and6 = .

Let P(r, 6) be any point on the curve between A and B. Let Q(r + &, 6 + &) be a point
neighbouringto P. Join OP and OQ. With OP = r as radius and O as centre describe an arc
PN of the circle meeting OQ in N. Similarly with Oas centre and OQ =r + & as radius draw
another arc QM of circle meeting OP produced in M

Let the sectorial areas OA Pand OAQ be denoted by S and S + 3Srespectively.

Then the areaOPQ = (S + &S) — S =&S.

EErAE 2,
. D+ 50)

. 1 .
Alsoas OP =r, OQ =r + ¥and JPOQ=® sosectorialarea OPN = Erzée and sectorial
1 . .
area OQM :5 (r +&)2%. Now area OPQ lies betw een area OPN and area OQM i.e. Area
. 1 1 . . 1 1
3S lies between = r’® and = (r + &)?®. i.e. ﬁ lies between =r?and = (r +&)2
2 2 00 2 2

O In the limitas ® — 0,w e have d_S =1r2 or 1r2d6=dS
do 2 2
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(b)

Integrating% J'Brzde =[area S]®, = (Area S when 6 = ) — (Area S when 6 = a) = (Area
AOB) - (0) =Area AOB.

Hence, required area AOB :% jBere .

Double Integration
The area bounded by the curve r = f(8), where f(0) is single valued function of 6 in the

domain (a, B) and radii vectors 8 =a and 8 =p is LB_ '[f_(j)rdedr

Ex. Find by double integration the area lying inside the cardioid r = a(1 + cos) and out side the
circler = a.
Sol. Required area=area ABCDA = 2(area ABDA) =
= azjf[(1+ cos6)? —1d6 = aZJf(cosze+ 2c0s0)d6 = a? E.’—T+2(sin6)i; =a?| D42
0 0 22 0 4
1
= —ai{n+8) Ans.
4
ﬂ:.ﬂ
Fig5
GROWP
Binary Operation
Let S be a non-empty set. Any function fromS x Sto Sis called binary operation. i.e.
if o:sxs - s defined as- (a,b) =a-b 0S, 0a,0dS, thenis binary operation.
Mathem atical Structure
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Let S be a non empty set. Let be anoperation on Sthen (S,) is a mathe matical structure.

Grouped (Quasi - group)

Mathematical structure (S,) is said to be grouped, if is binary operation i.e.,
a,bd0S=a-bdS

Semigroup

A group (S, ©), is sem groupif it is associative i.e.,

Monoid (acb)ec=ac(boc),0a,b,c0S

If identity element eOS exist in a semi group (S,), then it is nmonoid, ie.,
OaOS,[k0S:ace=a=eca

Group

If inverse element exists for every element in a monoid (S,), then it is a group, i.e.,

DadS,m'OS::a't=e =aloa

Commutative group (Abelian Group)
A group (S,), is a commutative group, if . Oa,b0S,acb=boa

TheDifferent Groups

Quasi group Semi group Monoid Group Abelian Group
Clouser v v v v v
Associative - v 4 v v
Existence of identify - - v v v
Existence of inverse - v '
Commutati ve v
Table -1
GROUWP
Definition

Let Gz ¢ be a set. Let be an operation defined in G, then mathematical structure (G,) will
be group if it satisfies.

() Closurelav : Oa,b0G = a-b0G

(i) Associative law : (ao b)o c= ao(boc),ma,b,c oG

(iii) Existence of identity: 0a 0G,0e(0G:ace=a=e-a
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(iv) Existence of inverse: DadG,0a*0G:acat=e=atoa
Results
« [dentity element in agroup is unique.
« Inverse of each element of a group is unique.
«If a,b OG, then (ab)* =b*a™ Thislaw is known as reversal rule. One can generalize it
as (abc....2)t=z"... c'b'a
« Cancellationlaw holds in agroup.i.e.ab=ac =>b=candba=ca=c=a
«If a,b 0O G, then linear equations ao-x=b,yoa=b have unique solutions for x, yu G
Order of Group
The number of elements in agroup G, is order of group denoted by of O(G).
If (G, ¥ if an infinite group then it is said to be of infinite order.
Order of Element
Let G be a group. Let apG, then nis called order of element a, denoted by O(a) =n, ifa" =
e, w here n is least positive integer.
Results on Order of an Eement of a Group
« The order of every element of a finite group is finite.
- If there is no positive integer n such that & = e, than order of a, o(a) is infinite or zero.
« The order of every element of a finite group is less than or equal to the order of the group.
If Gis afinitethen o(a)<0(G),alG .
. The order of an element of a group is sane as that of its inverse.
« Order of any integral pow er of anelement adG cannotexceed the order of a
.If apOG agroup ,o(@ =nanda™ =e, thenn/m.
« If aOGis anelement of order n and p is prime to n, then a® is also of order n.
« If every element of a group exceptthe identity element is of order tw o, then Gis abelian.
- If every element of a group G is its ow n inverse, then G is abelian.
Theorem . If order of an element a of a group (G,*) is n then a™ =e, iff mis a multiple of n.
Proof. Letam=e
By divisionalgorithmm=nq +r, O<sr<nwhereq,r0z

O am=a™' =e
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=a"a =e

=a =e

=r=0 [00<r<n]
=m=mq

So, n/m

Conversely

Let mis multiple of ni.e. m=nq(q 0Z2)
m=ngq=a" =a™ :(a”)q =el=e

S0, a" =e -~ mis nultiple of O(a).
If a, xOGa group, then O(a) = O(x™*ax)
Theorem . For any elementa of group of G
O(a) = O(x'ax), O xOG
Proof. Let aOdG,x0OG
(x*ax)? = (x*ax)(x'ax)
= x*(xxtax
= x1 aeax
=x"(aea) x
= x'a’
Again consider that (x*ax)™*=x"a""*x,where (n-1) ON

= (™ (tax) = () ()

n
- (x"lax) :x"la”"l(xx"l)ax

=x"a"(eax)
=x*(a™a)x = x*ax

By mathe matical induction
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(x‘lax)n =xta"x, OnON
now let  O(a) =nand O(x'ax) =m
(x'ax)"=x"a%X = x'ex = e
= O(x‘lax) <n
=ms<n (1)
Again O(x*ax) =m = (x‘lax)m =e
=>xla™ =e
= x(x‘la”‘x)x'l =xexl=e
= (xx"l)am(xx"l) =e
= ead"e =e
= O(a)sm
=nsm (2)
By (1) and (2) n=m
= O(a) = O(x%ax)
If O(a) is infinite then O(xax) is also infinite.
Ex. If a,b are elements of an abelian group G, then prove that:
(ab)n =a"", O nOZ
Sol. Case (i) Whenn=0
(@ab)’=e=ee [By the Def"]
= a%h°
Case (ii) When n > 0,
(ab)t=ab = alb?

Result is trueforn=1
Let result is true for n=K

(ab)*= a*b*
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= (ab)(ab)* = (ab)(a"b" )
= (ab)* = a(ba" )bk [associativity]
= a(ab)b*
= (ad)(bb¥)
= gkel ket
By mathe matical induction result is true for all integers
Case (iii) Whenn<OLetn=-mwhere mOZ*
(ab)"= (ab)™ = [(ab)"]"
= (@"bm)*
= (b"am)*
= @) (b"*
=ambpm
=ab"
By above conditions
G is Commutative = (ab)"=a"b", OnOZ
Permutation
Let P be a finite set having ndistinct elements. Then a one-one mapping onto itself

f: P - P is called a permutation of degree n, in the finite set Pis called the degree of the
permutation.

Let P={a, a, a } be a finite set having n distinct elements. If f : P . P is one - one onto,
then f is a permutation of degree n. Let f is a permutation of degree n.

Letf(a) =b,f(a) =b,....f(a) =b_symbolically one canwrite it as

f:(zl 22 """ Z“] ,W here each element in the second row is f image of the elements of
1 2 ...... n
the first row.

Equality of two permutations

Tw o permutations f and f, on P are said to be equal. f we havef (a) =f,(a).

Total number of distinct Perm utations P
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Let P be a finite set having n distinct elements. There shall be n! permutations of degree n,

of the element in a set.
Identity Permutations

If I'is a permutation of degree n such that | replace each element by iself, | is called the
identity per mutation of degree n.

Inverse of aPermutation
If f is a permutation of degree n defined on a finite non-enpty set P. Since f is one-one onto,

it is inverse able.

f:(al a .. a“]thenf'1:£b1 b, ... bnj
a ay ... a,

- f*is obtained by interchanging therow s d f becausef(a) =b,. = f™*(b,)=a,
Products or composite of perm utations

If tw o permutations of degree n be

a, a, ... a b, b, .... b
f]_:[ 1 2 nJande:[l 2 n]
b, by, ... b, Ci Cy ... Cp

Then the products of these wo functions is defined as

« The productf, f is also a permutation of degree n.

« Product of permutations is not necessarily commnutative.

Associativity of permutation. The associative law is true for the product of the

permutations i.e. f, gand h are pernutations, then (fg)h =f(gh)

Group of Perm utations

The set of all the permutations of a given non-empty set A is denoted by S,. Thereforeif A =
{a, b}, then

s= {22

If A ={a, b, c}, then
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N T TR T T

It can be easily seen that
O(A) =n=(Q(S,) =n!

Even and odd permutation

A permnutation is said to be an even permutation if it can be expressed as a product d an
even number of transposition.

A permutation can not be both even or odd i.e, permutation f is expressed as a product of
transposition, then the number of transposition is either always even or aw ays odd.

- [dentity pernutation is always an even permutation.

» The product of tw o even permutation is an even permutation.

« The product of tw o odd permutations is an even per mutation.

« A cycle of length ncan be expressed as the product of n-1 perrutation.

« The inverse of an even permutation is an even permutation and the inverse of an odd
permutation is an odd per mutation.

« Out of n! permutations on n sy mbols %n! are even %n! are odd.

Alternating group. (Group of even permutation).

On the basis of the above conclusions of the product of even and odd permutations of any
set,wewill show that the set of perrutations is also a group.

Theorem . The set A of all even permutations of degree n is a group of order Eln! fa the

product of permutations.

Important Results

() Whenn=3, A,={(1),(123),(132)}
(i) A is asinple group forn>5

Every group of prime order is a sinple group because such group has no proper

subgroup.
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(i) The set of odd permutations of degree n is not a group because it is not closed for
mu ltiplication.

(iv) If His a sub group of G and N « G, then H n Nneed not be normal in G.

For example, let

N=A, ={(1), (123), (124), (132), (134), (142), (143), (234), (243), (12) (34), (13) (24), (14)
(23)}

H={(2), (1234), (13) (24), (1432), (12) (34), (14) (23), (13) (24)}

This can be easily verified that

N < S,and His a subgroup of S,.

But H n Nis not anormal subgroup of S,

S, . . . . . .
(v) A_z is a commutative and cyclic group, being group of order 2but S_is non abelian and

not a cyclic group.
(vi). The alternating group A of all even permutations of degree n is a normal subgroup of
the symmetric group S .

ie. An < Sn

(1234567809 _(134)(5562789)
78 96 45 2 3 1

then find o'poand by expressing the permutation p as the product of disjoint cycles, find
whether pis an even permutation or odd per mutation. Also find its order.

Sol. 0=(134)(56)(27809)

(134562789, (1234567829
341657892 374165892

= L1
123 456 789 4 913 65 2728 @D

8 9
9 2

|:J0_1_(374165892}_(123456789]

N
[EnN

(&)
g o

~

. 123456 7 809)\(1
Againpo =
[789645231}[374
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=(123456789j 2)

9 26 754 318

opo=o(po)

123 456 7 8
4 9 1365 27

9 26 75431 23 456 7829
8 9526 31414 2 6 754 318
123456 7 8
8 9526 31414

[23456789)

=(184297)(356)

23 4567829

Aain—1
g P 78 96 45 231

J:(172839) (4 65)

=(19(13)(18)(12)(17) (49 (46)
= product of 7 (odd) transpositions.
Since p is equal to the product of odd transpositions,
Therefore this is a odd permutation.
Finally, O(p) = L. C. M. of {O(1 7 283 9), O(4 6 5)}
=L C.M.of {6,3}=6

Uniform convergence of sequences

Suppose thatthe sequence {f (x)} converges for every point x in R It means that the

function f_tends to adefinite limit asn — o« for every x in R This limit w illbe a function of x,
say f. Then from the definition of a limit it follows that for every O >0, there exists a postive
integer m such that

n2m= |f (x) -f(x) <D
The integer mw ill depend upon x as well as O and so we may write it symbolically as m(x,

0). Now suppose that we keep O fixed and vary x. Then for a given paint x in R, there will
correspond avalue d m (x, 0). In this way, w e shall get aset of values of m(x, 0). This set

of values of m(x, 0) may or may not have an upper bound. If this set has an upper bound,

say M then for every point x in R, we have

n=M= |f (x) —f(x)| < O,
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In such a case, w e say that the sequence {f_} converge uniformly to f on X.
Definition. A sequence {f } o functions is said to converge uniformly on R to a function f if for every
0 > 0, there can be found a positive integer m such that
nzm= |f (x) -f(x) |[<O
forallx OR.
Remak. Observe that the convergence of a sequence {f (Y} at every point (i.e, pointwise

convergence) does not necessarily ensure its uniform convergence on R. A sequence of

functions may be convergent at every point of R and yet may not be uniformly convergent
on R. For example, consider the sequence {f_}defined on [0, 1] as follow s by f (x) = x".

Here,we have limx" =0 if 0sx <1

n- o

and limx" =1if x =1.

N- o

Thus the limitfunctionf is defined by

Wi poee

The function f_therefore has a definite limt for every value of x in [0, 1] as n - « and
consequently the sequence {f (x)} converges for every x 0[O, 1].

to see whether the convergence is uniform, we consider the interval [0, 1]. Let O > 0 be

given. Then
1 1
[f(X)—f(X} [<O=|x"-0[<0=x <O= —> 3
X
= nlo l>|o 1:>n>log(1/D) 1)
9% 7% log(1/x)
Thus when x # 1, m(x, O) is any integer greater than
log(1/0)/log(1/x).
In particular m(x, 0) =1 whenx =0.

Now as X, starting from O, increases and approaches 1, itis evident from(1) that n - «and
so it is not possible to determine a positive integer m such that
nzm= [f (x —f(x))| <O

for allx OO0, 1].
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Thus {f } is not uniformly convergent in [0, 1].
If, however, we consider the interval 0 < x < k, where 0 < k < 1, we see that the greatest
value of log (1/0)/log(1/x) & log(1/0).log(Y/k) so that if we take m equal to any positive
integer greater than this greatest value, w e have
nzm= |f (x) -f(x) [<O
for allx O [0, K]
Thus {fn(x)} converges uniformly on [0, K].
Uniform Convergence and Differentiation.
Theorem . Let {f } be a sequence of the real valued functions defined on [a, b] such that
() f, i differentiableon [a, b]forn=1,2,3, ...,
(i) The sequence { f (c)} converges for some point ¢ of [a, b],
(iii) The sequence {f’ } converges uniformly on [a, b].
Then the sequence {f_} converges uniformly to a differentable limit f and
liirlfn'(x):f'(x) (asc <h).
Proof. Let 0> 0 be given. Then by the convergence of {f (c)} and by the uniform convergence of

{f.} on[a, b], there exists a positive integer msuchthat foralln=m, p=m

we have If(c) —f () | < % ()

, : 0
and If '(x) —fp(x) |< >

-3 (asx<h). .2

Applying the mean value theorem of differential calculus to the function f — fp, we have

[0~ 6]-F&)—fWMI=x-y) [ ©-F@]
For any x andy in [a, b] and for some & between x and y providedn = m,p = m. Hence

£ =60 =f0) +f W) [1=1x=y (- 1) |

[x-y|D
oo by (2) (3)
<%[-.-|x—y|s(b—a)] .. (4)

for alln, p = mand all x, y OJ[a, b]. Now
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[f) =) =1 (x) = (x)=f (c) +f(c) +f (c)-f(c) ]|
<[f,00 = £, =f(c) +f,(c) [+ [f.(c) - (c)

0. .o
—+==0 by (1) and (4),
<<+ y (1)and (4

for alln, p = m and for all x O [a, b]. Thus w e have shown that given O > 0, there exists a
positive integer m such that
nzmpz=mx0[a bl = |fn(x)—fp(x) |<0O.
It follows that the sequence {f } converges uniformly to a function f and so
f(x)=limf (x)  (asx<b).
This proves the first result.

Now for an arbitrary but for the moment a fixed x 0O[a, b], define

F.(v) :—f”(y):f”(x) F(y) :—f(y):f(x) . .6
y=—X y—X
fora<y <b,y#x. Then
. S €7 Bt Y G
Iy'[ann (y)—lylmT =f,'(x) ...(6)
forn=1,2,3, ...

Now forn=m p = m we have

||=

n

() =6 () +6, (v) = (x)
F (1 <] b (¥)~fy

(y) p (y] | y—X |
ad

<

2(b-a)

It follows that{F } converges uniformly fory # x. Since {f } converges tof, w e conclude from

(5) that

by (3).

LIETLE‘ (y):r!imcfn(yg::: (%) - f(y)z::((X) =F(y) (7)

Uniformly fora<y <b,y #X.

IyimF(y) = limf '(x)

n —o
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Cor.

Proof.

or Iimw =limf '(x)by (5)
y-x y =X n-o
or f'(x) =limf *(x) ...(8)

n- oo

for every x O[a, b].
The theorem is thus completely established.

Term by term differentiation.

Let iun (x) be a series of real valued differentiable functions on[a, b] such
=1

that iun (c) converges for some point ¢ of [a, b] and iun (x) converges uniformly on [a, b].
=1

n=1

Then the series iun'(x) converges unifformly on [a, b] to a differentiable sum function f and

n=1

, f'(x) =lim

nN- o

iu'm (x) (asx<h).

In other words, if a <x <b, then
d( & d
(50 09)= 3, (0)
Letf (x) =u (X) +u,(X) +... +u (x).
Then f'(x) = u’'(x) + u)(x) + ... + U (x)
[~ The differential coefficient of the sum of a finite number of differentiable functions is

equalto the sum of their differential coefficients].

)

Hence the series iun (x) and Y u' (x) are respectively equivalent to the sequences {f }

n=1 n=1

and { f*}. Now proceed as inthe above theorem.

Theorem .Let {f } be a sequence d real valued functions defined on [a, b] such that

(i) fn is differentiableon [a, b] forn=1, 2, 3, ...

(i) the sequence {f }converges to fon [a, b],

(iii) the sequence {f '} converges uniformly on [a, b] to g,
(iv) each f 'is continuous on [a, b].

Then g(x) =f'(x) (a<x <b). That is,
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limf '(x)=f(x) (asx<bh).

n-o

Proof. Since {f ' }is a uniformly convergent sequence of continuous functions, it follovs that g is

continuous on[a, b]. Moreover {f ' } converges uniformly to g on [a, x] w here x is any point of

[a, b]. Then we have

lim [, (t)dt = [ g (t)dt (D)

N-ooJa

But by the fundame ntal the orem of integral calculus, w e have

[t (1)t =1, (x) -1, (a).
Also by hypothesis,
limf, (x) =1(x) and limf, (a)=f(a).

Hence (1) gives

:J': g(t)dt (asxsb).
It follows
f'(x) =g(x) (asx<bh)
or f'(x) =limf *(x)

n-— o

1
. . -1)" .
Ex. Consider the series (-9 - for uniform convergence fa all values of x.
+ X

1
n+x2’

Sol. Letu =(=1)"% v, (x)=

Since f (x)= zn:u

r=1

=0or 1 according as n is even or odd, f (x) is bounded for all n.

r

Also v (x) is a positive monotonic decreasing sequence converging to zero for al real values
of x.

Hence the given series is uniformly convergent for all real values of x.

Ex. If f(x)= i — , then find its differential coefficient
n®
1
3 00 _1
(A) —ZXZ— (B) ZXZ— Q€ >Y———— D >
n (1+nx ) (1+nx ) 1 n2(1+nx ) 1 n2(1+nx )
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Sol. Here u (x)=—"7=

2X

and un'(x):w.

. . du' (x
Now u’(x)is maximum when —O?(—) =0
X

ie. (L+nx®)2-4nx*(L +nx?) =0
or 1-3nx?=0 or x= .
(3n)
. 2 3V3
O Max. |u n(X)l = =—.

2 8n
3n°”? (1+ij
3

1
— for all values of x.
n

Then |u', (x)|<

But Z% is convergent.
n

Hence by Welerstrass’s M-test, the series zu ' is uniformly convergent for all real values of

X. The term by term differentiation is therefore justified.

Hence. 1/(x) = S°u, (x) =23
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